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Abstract

In his seminal work, A Subjectivist’s Guide to Objective Chance, David Lewis considered the possibility
for a subjectivist to accept the existence of objective chance, and argued how this acceptance would affect
the subjectivist’s degrees of belief (credences) about the world: they have to satisfy the Principal Principle.
Lewis did not put his proposal into mathematically precise terms. Most importantly, he did not define what
kind of mathematical object objective chance was. In this work we pay careful attention to identify what
mathematical model the subjectivist agent considers, and through several simple examples we illustrate how
objective chance can be incorporated in the subjectivist’s model in a mathematically rigorous manner.

1 Introduction

In A Subjectivist’s Guide to Objective Chance, David Lewis (1980) considered the pos-
sibility for a subjectivist to accept the existence of objective chance, and argued how this
acceptance would affect the subjectivist’s degrees of belief (credences) about the world.
He asked what constraints the acceptance of the existence of objective chance imposed on
the credences that a reasonable subjectivist could assign to sets of possible worlds. The
starting point of Lewis (1980) is that we accept the existence of a time dependent chance
chy, and that both objective chance and credence should satisfy the usual rules of probabil-
ity theory. Lewis’s answer to the above question is that the only limitation on the credence
function (measure) is that for any chancy event A, conditioned on the evidence the agent
has collected and on that the objective chance of A is known to be 7, the credence of A
also has to equal 7:
C(Alch(A) =rNE)=r

as long as F is “admissible”, that is, as long as the evidence collected does not force us to
have a degree of belief other than r.

Lewis did not state his proposal in a mathematically rigorous manner. In the second
part of his work, Lewis (1980) mentions that objective chance is a chance distribution
P,,(A) that assigns a probability to event A, and it can depend on time ¢ and on possible
world w but does not investigates what properties this function should satisfy. To this day
a lot of research is being done on the Principal Principle, especially around the mystery of
what admissibility means. These works seem to us rather speculative as long as we do not
specify mathematically clearly what we are talking about.



At the PSA Biennial Meeting in 2014, there were some attempts to treat at least some
particular questions about the Principal Principle in a mathematically precise manner by
Rédei and Gyenis (2016) and Bana (2016). While preparing the latter, I realized that a
clear understanding of what objective chance is mathematically is entirely missing from
the literature.

My aim here is to look at several specific examples, through which we can identify what
kind of mathematical object corresponds to objective chance in its most general sense. I
believe that the mathematical model we give is the most general one in which the notion
of objective chance can be meaningful. We do not rely on special assumptions for our
analysis, I try to be completely faithful to Lewis’s original 1980 work, but make it more
explicit.

In this work I do not attempt to treat the Principal Principle itself. The sole purpose
here is to motivate a rigorous definition of objective chance, and I shall work out the
consequences of this definition on the Principal Principle elsewhere.

Furthermore, in this work I do not attempt to formalize Lewis’s later views (for exam-
ple, Lewis (1994)) on how objective chance is given by a best system. We simply pro-
pose a general modeling of objective chance that can accommodate any kind of objective
chances, let it be propensity, relative frequencies or determined by a best system.

2 The Agent and His Model

We shall be careful throughout this work detaching the model of reality from reality itself.
We do not follow Lewis in speculating what objective chance in reality is, as it does not
matter. What matters is what the agent’s view about reality is, what model of possible
worlds the agent choses as a starting point in which he places the pieces of evidence he
collects. As Lewis’s starting point is the assumption that objective chance is real, our main
task is to see how to incorporate objective chance rigorously in the mathematical model of
possible worlds. We want to give a general mathematical definition that objective chance
must minimally satisfy let it be a propensity or reflect relative frequencies.

Lewis did not make explicit how the subjectivist agent views reality, and how he col-
lects evidence, so let us make this explicit here:

e Subjecivist Agent’s View: The subjectivist agent has a set W, such thateach w € W
represents a possible world. In the agent’s opinion, each w € W describes facts that
are either true or not in the real world. The agent assumes that in this W there is a
Wrea1 corresponding to the real world, but he does not know which w it is. So, he as-
signs degrees of belief, C' called credence to subsets S C W, and C'(.S) represents his
degree of belief that w,., € S. Lewis assumes that C satisfies the laws of probability.
Accordingly, on W a g-algebra ¥ of subsets is defied, and C' is a probability distribu-
tion on X. We can call (W, 3) the subjectivist’s model of the world. The agent, one
way or other, we do not care how, collects evidence. What we do care about is that



whenever he collects a piece of evidence, he places that in his mathematical model,
that is, he assigns a set £ € X to it. Having collected such a piece of evidence E,
from that on the agent assumes that w,e,; € £, meaning that he updates his credence
to C’( - ) := C( - |FE). When the agent learns one piece of evidence after the other,
E\, Es, ..., E, € ¥, then he updates his credence to C,,( - ) := C( - |EyAEaA....AE,).

The set of possible worlds, W, may be produced many ways. It may be a set of possible
worlds that abide a certain theory of physics, it can be about coin toss, etc. One way or
other, we do not care, it has to be defined mathematically precisely for the subjectivist
agent to assign his credences.

E could be a set of W the elements of which are possible worlds corresponding to
manufacturing a coin in a certain way, or to forming a certain radioactive material, or to a
certain prediction of a crystal ball, etc. Normally, this happens the following way: An ob-
servable, such as the outcome of a coin toss, a radioactive decay, etc. is represented math-
ematically as a random variable (measurable function) X on W. To each possible world
w € W, a value X (w) of the observable belongs. Measuring the value of the random
variable, and obtaining say x, the set corresponding to this value, £ = {w|X (w) = z} is
in Y (as X is measurable), and this is an example of an evidence.

Note, this all is the agent’s view! It is entirely irrelevant for us whether the agent’s
model is a good model of the world or not. We only care about that he has a model and
that pieces of evidence are placed in this model.

Having accepted this modeling of the subjectivist agent’s view, next question is how to
accommodate objective chance in this model in a mathematically rigorous manner. For the
subjectivist who believes in objective chance, objective chance has to be part of the model
of possible worlds, hence it should be defined somehow on 1. Namely, when the objective
chance of event A, that is, ch;(A) can have different possible values in the agent’s view,
that means that each of these different possible values of ch;(A) must signify a different
possible world. In other words, to each possible world w, a single value chy,,(A) must
belong. Let us rather denote it by ch;(w, A). Can the function (w, A) — chy(w, A) be
an arbitrary one, or does it have to satisfy certain properties? Clearly, as objective chance
is a probability, for fixed ¢ and w, the function A — ch;(w, A) should be a probability
measure over some algebra, as Lewis required it. The main objective of this work is to
investigate whether we need to require some other properties as well for ch; that Lewis
did not notice. We shall see that a chancy situation comes with some structures on the set
of possible worlds that Lewis failed to consider, and the above function is not arbitrary
relative to these structures. A further question is what happens when we allow time to
change as well, what restrictions do we get for the function ¢ — ch;. More generally, what
are the requirements that would make a family of objective chances {ch; };c; consistent?
This is a non trivial question, as it is easy to give examples of contradictory objective
chances. However, this question is out of the scope of this paper, we shall only focus on
what makes a function (w, A) — ch(w, A) an objective chance function.

Through the examples below, I attempt to make a convincing case for the mathematical



definition I propose in Section 4.

3 Examples

In this section I provide numerous examples to support my proposition for modeling ob-
jective chance. First we look at examples in which objective chance is a propensity, while
in the last example objective chance corresponds to relative frequencies.

3.1 The Basics

Our first example is straight out of Lewis (1980): “... suppose you are not sure that the
coin is fair. You divide your belief among three alternative hypotheses about the chance
of heads, as follows.

e You believe to degree 27% that the chance of heads is 50%.
e You believe to degree 22% that the chance of heads is 35%.
e You believe to degree 51% that the chance of heads is 80%.

Then to what degree should you believe that the coin falls heads? Answer. (27% x
50%)+(22% x 35%)+(51% x 80%); that is, 62%.”

3.1.1 A Set of Possible Worlds

How can we treat this in a mathematically rigorous manner? Perhaps the simplest set of
possible worlds that can accommodate this experiment is when first a coin is forged with
three kinds of possible biasses, and then the coin is tossed with heads or tails as possible
outcomes. Perhaps the simplest imaginable mathematical model for this is the following:
The set of possible worlds have elements of the form of ordered pairs (x,y) where x is
one of the symbols by, by or by corresponding to the three possible biasses, and y is either
symbol h or symbol ¢ corresponding to heads and tails:

W::{(as,y)’(:B:bl\/:v:bg\/x:bg)/\(y:h\/y:t)}.

Accordingly, the world in which the proposition “the coin is manufactured so that it has
the second kind of bias and the outcome of the coin toss is heads” is satisfied corresponds
to the mathematical object (by, h) € W. Let B; (for ¢ = 1,2, 3) be the proposition that
“the coin was manufactured with the 7’th kind of bias”. The subset of W' corresponding to
this proposition is denoted by [B;], and is

[Bi] :={(bi, h), (bi, 1)} C W.

The set corresponding to the proposition (denoted by /) that “the outcome of the coin
toss is heads” is

[H] = {(blah)7 (vah)a (bSvh)} - VV,
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and similarly for tails, [T].
We can also think of [H] and [T] the following way: the outcomes of the coin toss is in
fact a random variable on W:

VW — {h,t}, V((z,y)) =v.

Then
[H]=V~'({h}) and  [T]=V"'({t}).

3.1.2 The Event Algebra of Chancy Outcomes and Objective Chance

We still have to tell what the chance ch of [H| and of [T'] are. How can we incorporate
chance as a mathematical object in the model we have defined? Note that there is a sub-
algebra! Sepaney Of X corresponding to the outcomes of the coin toss generated by [H] and
[T]:

Echancy = { @, [H] ’ [T] ’ W}

In other words, Ychancy 15 the algebra we obtain by pulling back the discrete measure of
{h,t} with V.

According to Lewis’s example, if the coin was manufactured the first way, then the
chance of heads is 0.5, if the second way, then the chance of heads is 0.35, and if the
third way, then the chance of heads is 0.8. That is, there is no single ch([H]), it has three
possible values. In other words, ch cannot be a measure on Ychaney. However, for each
possible w € W, we can define ch(w, [H]). And this is completely intuitive: On each
possible world, [H| has some objective chance, and it of course can vary from possible
world to possible world. In fact, Lewis thought of this too: ch(w, A) is nothing but his
chance distribution on page 276 of Lewis (1980).

We have the following:

ch((z,y),[H]) =< 0.35if x = by
0.8 if z = b

Then, setting
ch((z,y), [T]) :== 1 = ch((z,y), [H]), ch((z,y),0) =0, ch((z,y),W):=1
for each w € W, the function
ch(w,-) : A~ ch(w, A)

becomes a probability measure on Xcpaney, corresponding to the fact that on each possible
world, the objective chance is a probability distribution on the possible outcomes.

!That is, closed under finite union and complementation



Note that for all A € Ychancy, the function
ch(-,A) : w— ch(w, A)

is constant on the sets [B;], [Bs], and [Bs]. This corresponds to the fact that the objective
chance depends only on how the coin was manufactured. In other words, ch(-, A) de-
pends only on the past before the coin is tossed. The set corresponding to the proposition
ch(-, A) = r, notated as [ch(-, A) = r]is [By] if r = 0.5, [By] if r = 0.35, and [Bj] if
r = 0.8, otherwise it is the emptyset.

3.1.3 The Event Algebra of the Probabilistic Setup and Historic Evidence

What is historic evidence in our example at the point when the coin is tossed? Clearly,
statements about how the coin was manufactured, what kind of setup was carried out
before the coin is tossed. Hence mathematically, in this example, historic evidence is an
element in the subalgebra of events 3; C 3 generated by [B;], [Bs], and [B3] as atoms.
Written explicitly,

= {0, [Bi], (B, [Bs], [BU[B], [B]U[Bs], [BJU[Bs], W }.

For those who are familiar theory of stochastic processes, setting X := { () } and 3y := ¥,
the sequence Y., 21, Y9 1S a filtration: an assignment of increasing event algebras to time
steps. The index ¢ is time, it means “step ¢”’: 0 before the process starts, 1 for the forging
of the coin and 2 two for the coin toss. Functions that are measurable? with respect to ¥;
are those that can be computed based on the information up until the ¢’th step is carried
out. For example, a function that is measurable with respect to >; can depend on z, but
noton y in (x,y) € W as by step 1 the coin has been forged, but not tossed.

We introduce the notation ...y, which shall stand for the chancy environment, in this

example

ZJenv = E1
meaning that the chancy events are considered in the environment when the past until step
1 is fixed.

The property that ch(-, A) is constant on the sets [B;], [Bz|, and [Bs] (the atoms of >,y)
can be equivalently reformulated as ch(-, A) is measurable with respect to 3¢,y = ;. As
a consequence, an explicit hypothesis about the objective chance, [ch(-, A) € I], where
I C [0, 1] an interval, is in X1, hence giving such an explicit hypothesis is a special way
of giving historical information in this example.

Note that for example,

ch((ba, h), [H]) = ch((ba. ), [H]) = 0.35,

?Recall that a function f : W — R is measurable with respect to 3 o-algebra on W if and only if for all intervals I C R, the set
NI = {w € W: f(w) € I} € . Incase ¥ is atomic (finite spaces are always such), measurable functions are those that are
constant on the atoms of 3.



even though (b, t) ¢ [H|. This corresponds to the fact that although on (bs, t), once the
coin was manufactured to have b, bias, the chance of heads is 0.35, but it does not actually
come about, because on this possible world the coin lands tails.

3.1.4 Extending the Chancy Algebra

If desired, for each w, the chance of any event in Y can be defined relative to >,,. Let
ch denote the extended chance. Now E( -,.S) should be measurable with respect to ey,
for all S € X corresponding to the idea that we are considering objective chance once
the coin was manufactured with some bias. We can do this the following way. First
let us ask the question: How could we define, say, ch((by,t),[Bs])? Clearly, once the
coin was manufactured to have bias by, that is to be fair, it can land heads or tails with
probability 0.5, but it cannot change its bias. So ch((by,t),[Bs]) = 0. For the same
reason, ch((by,t), [B1]) = 1. In general, we set for all E € Y,

_ lifwe E
ch(w, E) ::{ Oifwd E

and then for any A € X¢pney and E € Yy,

ch(w, ENA) := ch(w, E) - ch(w, A).

As all elements in X can be written as the union of sets of the form £ N A as above
(the event algebra ) is generated by X,y and Ycpancy), this defines a unique probability

measure S — ch(w, S) on X, and the function w + ch(w, S) is Len-measurable for all
S e

3.1.5 Observations on the Structure

To summarize, we have seen in this example that to model the chancy situation, we can
define a subalgebra Y.,y representing the chancy events of outcomes, and another subal-
gebra .., representing the events about how the chancy experiment is set up, that is, how
the coin is forged. Furthermore, we had a chance assignment ch : W X Xcpaney — [0, 1]
such that for all w € W, the function ch(w, -) is a probability measure on chaney, and
for each A € Ychaney, the function ch(-, A) is measurable with respect to ¥¢,,. These
structures, ey, and Ycpaney are both missing from Lewis’s analysis and from the followup
literature as well, but I think they are essential aspects of objective chance, and no rigorous
analysis is possible without them.

3.2 What Is Time?

Let us continue by making our first example more complex. Suppose that the coin forging
process is the following: It is first decided in some unknown way whether the coin to be



forged shall be fair or not. If it is not going to be fair, then it is decided in a fair manner—
for example, by throwing an old fair coin—whether the new coin shall be forged such that
the bias allows a chance of 0.35 for heads, or a chance of 0.8. Once the coin is forged, it
is thrown 3 times.

What is the new W? For example, the following. Similarly to the first example, let
the symbol b, stand for the forging of the new coin in the first, fair way. Let a stand for
forging the new coin biassed. Let b, and b3 denote the forging of the coin the second and
the third way again. Let t1, o, t3 and hq, hs, h3 stand for the outcomes of the coin tosses.
Clearly, forging the biassed coins is a longer process because it involves an extra decision.
Let

W .= W1 U WQ

where
Wl = [Bl] = { (xaylay%y?)) ’ T = b17 (yl = tl) v (y’L = hz) }

and
Wy = { (w, 2,1, Y2, Y3) ‘ w=a, (x=byVr=0bs), (y;=1t)V (v =h) }

Let 7; denote the projection on the i’th entry. For example, 7o ( (w, , 1, y2,y3) ) = x and
mo( (2,91, Y2,y3) ) = y1. Foraset S € W, let

7;(S) := { z | there is a w € W such that z = 7;(w) }.

We take again ¥ := P(WV), that is, all subsets of /. Here too we have a filtration:
Yo, X1, Lo, X3, Xy, X5 where X := 0, 35 := 3, and for j = 1,2, 3,4, ¥, is generated by
the sets of the form S € ¥ such that 71(.S), ..., m;(S) each has a single element, and S
contains all elements of 1 that start with 7 (5), ..., 7;(.S):

each of m(5), ..., m;(.S) contains exactly one element,
Y;=<¢SeX| andforallw € W,if w is such that
m(w) € m(S) A ... A mj(w) € mj(5), thenw € S

where the overline means closure under making unions and complementation. That is, >,
is generated by sets S such that all the elements of each S have the same history until the
7 th step and their future after j is completely undetermined.

For example, the set { (b1, t1, to,t3), (b1,t1,t2, hg)} € 33 is such a set where the history
until the third step is determined to be by, 1, t2, and after the third step it is completely open
(tg or h3) Or, {(CL, bg, t1, hQ, hg), (CL, b2, ti, h2, t3>, (a, bg, t1,to, hg), (CL, bg, t1,to, tg)} S 23
is also such a set, where the history until the third step is fixed to be a, b, t;, while
the last two steps are completely open and can be ho, hg, or t9, hs, or ho,ts, or i, t3.
On the other hand, {(a, by, t1,ta, h3), (a,ba, t1,he,t3)} is not such a set and is not in
>3, because although the history until the third step is fixed to be a, b, ¢, the last two
are not completely undetermined as only ¢, hg and ho,t3 appear in the set. A function
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f : W — R that has different values on {(a, bs, t1,t2, h3), (a,ba, t1, he,t3)} C W and
on {(a, by, t1,ho, h3), (a,bs,t1,ta,t3)} C W is not determined by the first three entries
a, by, t; only, but is also dependent on the last two.

Suppose we want to consider the objective chance that the second coin lands heads or
tails. Then we set

Echancy = { @ ) [HQ] ’ [TQ] ) w }

where H, (or T5) denotes the proposition that the outcome of the second coin toss is heads
(or tails), and where now [Hs| = [Hs|; U [Ha]e with

[Ha), = { (@, 91,y2,y3) €W ‘ T =10y, Yo = hy }

and
[H2]2 = { (wﬂx7y1ay2)y3) € w ‘ w=a, Yz = h2 }

and similarly for [15].

Suppose we are concerned about the objective chance of the second coin toss of the
new coin. But at what time? It cannot of course be considered at step 0, because it is not
known how it is decided whether the new coin shall be biassed or not. However, it could
be considered at step 1, after the first decision was made, because the rest relies on coin
tosses with objective chance. Or, another natural time is once the new coin is forged, and
before it is used. However, on ¥ this happens at step 1, while on W5 this toss happens
at step 2. Or, we could also consider it at the time just before the coin is thrown for the
second time.

3.2.1 After the First Step

In this case we set the time to 7 := 1. This means that it has been decided whether a fair
or a biassed coin is to be forged, but nothing else. Clearly, the algebra representing the
environment of the experiment is

Ze,nv:El:{@aVV17VV27VV}

As on W, the bias might be two kinds, each with probability 1/2, the chance distribution

is
0.5ifwe W

chi(w, [Ha]) = { 0.5-0.35+0.5-0.8 = 0.575 if w € W,

And chy (w, [Ts]) = 1 — chy(w, [Hy)).

Exactly the same way as we did in Section 3.1.4, here too we can extend chance onto
the algebra generated by >,y and YXchancy, denoted by Yeny U Ycpancy, but here this set is not
the entire X..

Since after the first step all outcomes are assumed to be chancy, namely, the decision of
the bias via a fair coin and then the coin toss three times, we can actually define objective



chance for all those events. In this case we can consider the objective chance distribution
on the event algebra:

ZChancy = {@ ) [BQ] ) [33] ) [Hl] ) [Tl] ) [HQ] ) [TZ] ) [H3] ) [T3] ) W}

where

[32] = { (wﬂU:Z/hyz,ys) w=a,r= 627 (yz = tl) \% (yz = hz) }

(B3] := { (w, 2,91, Y2, Y3) ‘ w=a,x="0bs, (Y =1t;)V (y; = hy) }

Note that [B;] = W \ ([Bz] U [Bs]), s0 [B1] € Ychancy- In fact, Ycpancy in this case is
just the full X. Clearly, chy(w, [B1]) = 1, che(w,[Bs]) = chi(w, [Bs]) = 0if w € W,
chl(w, [Bl]) = 0, Chg(w, [BQ]) = chl(w, [33]) =05ifw € WQ, chl(w, [Bﬂ N [Hl] N
[Hy] N [H3]) = 0.5 if w € W4, and so on.

3.2.2 At Some Stopping Time

It also make sense to consider objective chance after the coin is forged. However, this
happens at different times on different possible worlds. So consider the following random
variable:

() :{ Lon W,

2 on W2

Such a function is called stopping time in stochastic processes. Namely, given a filtration
(3n)nen on a probability space W, a random variable 7 : W — N is a stopping time, if
for all n € N, the set where 7 is less than or equal to n, [T < n| = {w € W : 7(w) < n}
is in X,,. Such a stopping time determines an event algebra:

.= |J{E|E€S, AEC[r<n]}
neN

In our case,
Y, =10, [B], [Ba], [Bs], [Bi]U[By], [Ba] U[Bs], [Bi]U[Bs], W}

(that is, W = [By] is not split, but W is split into [Bs] and [Bs]). Let now Xy 1= 3.
Again, if we take Ycpancy t0 be

Echancy = { @ ) [HQ] ) [TZ] ) w }7
then the same way as before, on IV;:

ch-((b1, y1, Yo, y3>, [HQD =05

and
0.35ifz =0
ChT((aaxayby%y?))u [HQ]) = { 0.8if x = b32

It is easy to see that ch. is measurable with respect to Xepy = ;.
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3.2.3 Observations on the Structure

In this section, we looked at a case where objective chance comes from a stochastic process
(but in which not all branchings have associated probabilities). In case of a stochastic
process, for each time ¢, there is an associated event algebra >; representing the events
that happened until time . As more events happen until a later time, >;,, C >, for
t1 < to. When we consider an event at a certain time determined by the past, that certain
time might vary from possible world to possible world. Let 7 be such function assigning
to each possible world w a time 7(w). As 7 is determined by the past, it is necessary that
for each time value ¢, the set [T < t] := {w € W|r(w) < t} isin ;. Such a 7 is called
stopping time. Y, contains all events that happen until 7. In case of objective chance ch,
(of chancy events Ychancy) determined by the past until 7, the environmental algebra ey,
equals X.. Accordingly, for each A € ¥ pancy, the function ch.(-, A) must be measurable
with respect to Ye,y = X.. And of course, for each w € W, the function ch,(w,-) is
a probability measure over Ycpancy. Again, the notion of filtration and stopping time are
missing from the literature on the Principal Principle and objective chance, but they are
really essential for understanding time-dependent objective chance.

3.3 Is It Always the Past?

In the previous examples, the environmental algebra .., always agreed with a 3. algebra
representing the events of the past with respect to a stopping time 7. This however does not
have to be so. In fact, even Lewis (1994) later considered objective chance that depended
on the future. What matters is how we set up our problem: what is given, and what is left
chancy. It makes perfect sense to talk about the objective chance of a coin toss in the past,
having fixed some conditions at a later time. It makes perfect sense to consider objective
chance relative to a X, other than ., for some stopping time 7. Consider again the
example in Section 3.2.2. Having forged the coin, knowing whether it was forged biassed
or not, and already seeing the result of the first toss, the agent knowing the process but not
knowing which bias the coin has in his world, he can consider the objective chance of not
only the second coin toss, but also the objective chance of having forged the first, second
or the third type of coin. Why not? Consider the forging process described in Section
3.2.2. Given that the coin was forged biassed and the outcome of the first coin toss is
heads, nothing prevents us to compute the objective chance of having a second type coin
or a third type coin, and the objective chances of the outcomes of the next coin toss. Given
that the coin was forged fair and that the outcome of the first toss is heads, we again have
no problem telling the chance of having a third-type coin: it is 0.
Accordingly, we fix 2,, the following way:

Yien 1= { @, [H{] ) [Tlf] ) [Hﬂ ) [le] ) W}

where the index stands for fair and biassed. [H { | is the event that the coin is fair and the
first toss resulted heads, [H?] is the event that the coin is biassed and the first toss resulted
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heads, and similarly for [T/] and [T?]. Clearly,

[H{] = { (x7y17y27y3) eW ’ r=0by, 1 =h1}

and
[HY] = { (w, z,vy1,Y2,y3) €W ‘ w=a, y =h }

and similarly for [T/] and [T?]. In other words, the outcome of the first coin toss as well
as fairness and biassedness of the coin can be distinguished in .., but not whether the
coin was forged to be second or third type as each element in 3..,, contains both versions
or neither.

Since we consider the chance after the first coin toss,

{ 2 on W1

7(w) = 3on Wy

and the atoms of >, are those sets of quadruples in ¥/} or quintuples in W, for which the
first two or three elements are fixed while the last two both range through heads and tails.
Clearly,

2CIlV % ZT'

If we want to consider the chances of the various biasses as well as the chances of the
outcomes of the second coin toss, we set

Echancy = { 0 ) [Bl] ) [BQ] ) [33] ) [HZ] ) [T2] ) W}

In order to make the computations easier, let us modify the biasses for [Bs] and [Bs]
from the previous examples. Suppose that the coin of the second kind has a chance to
land heads by 0.4 = 2/5, and the coin of the third kind has a chance to land heads by
0.75 = 3/4. Otherwise the manufacturing process is the same as in Section 3.2.2.

For any w € W and A € Ycpancy, We have to compute ch(w, A). As this in its first
variable has to be measurable with respect to Xy, it is constant on the atoms of Xy,
namely, on [H{], [T{], [H?), [T?]. What is, for example ch(w, [B]) when w € [H{]? In
this case w is a possible world on which the coin is fair. So it could not be manufactured
the second way, and ch(w, [B,]) = 0. Similarly ch(w, [Bs]) = 0 when w € [T%/]. What is
ch(w, [Bs]) when w € [H?]? Given the coin was manufactured to be biassed, the chance
that it lands heads is 1/2 -2/5 4+ 1/2-3/4 = 1/5 + 3/8 = 23/40. Given the coin was
manufactured to be biassed, the chance that it is manufactured in the second way and that
it lands heads 1/2-2/5 = 1/5. So, ch(w, [B,]) = (1/5)/(23/40) = 8/23 when w € [HY].
Similarly, we have ch(w, [By]) = (1/2-3/5)/(1/2-3/5+1/2-1/4) = (3/10)/(17/40) =
12/17 when w € [T}]. So we have

0ifw e [H|U[T/] =W,
ch(w,[Bs]) = ¢ 8/23if w € [HY]
12/17 if w € [T?]
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Similarly the values for B3 can be computed. Moreover,

0.5ifw e [HTU[T!] =W,

ch(w,[Hs)) = ¢ aifw € [HY]
Bifw e [TV
Where
a=(1/2-2/5-2/5+1/2-3/4-3/4)/(2/5-1/2+3/4-1/2) (1)
and

B=(1/2-3/5-3/5+1/2-1/4-1/4)/(3/5-1/2+1/4-1/2)

Similarly for 75.

Consequently, it is easy to construct examples when objective chance relative to some
event algebra .., is considered with .., different from . for any stopping time 7. The
notion of time may in fact be entirely missing from the model, objective chance can still be
made sense. So for the objective chance it is not X, that is important, but .., expressing
the events relative to which objective chance is considered. X..,, may or may not agree
with some >,.

To make this point even stronger, consider the situation when we can allow various
space-time models. In other words, some of the possible worlds correspond to certain
space-time models, others correspond to other space-models. Then we can ask, given a
model, what is the objective chance that something happens in that model. Clearly, this is
not a chance associated to a certain time, but just to various space-time models. In such a
case X,y would contain sets of space-time models.

3.4 Impossible Events Have Zero Chance

There is a very important property of objective chances that we have not talked about yet,
and that is entirely missed by both Lewis’s original paper as well as by later literature
on the Principal Principle. Namely, consider an £ € ¥, and an A € Ypaney such that
E N A = (. In other words, if we fix the chancy setup to satisfy the properties of F, then
there is no way for event A to come about because none of the possible worlds in F are
also in A. Therefore an objective chance function must not give non-zero chance of A
for possible worlds in £. But assuming only that ch is measurable with respect to e,y in
its first variable and that it is a probability distribution over Xcpaney in its second variable,
ch might still violate this condition. So we have to additionally require it for an objective
chance. Consider the following specific example.

Let us go back now to the original example, but suppose we add a single further possible
world to it:

W::{(x,y)’(:U:bl\/x:bng::bg)/\(y:h\/y:t)}U{(b4,h)}
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In other words, with b, bias, the coin only lands on heads. For example, both sides of the
coin is heads. With this modification,

Zenv = {(2)7 [Bl]v [32]7 [83]7 {B‘l]}
with [By] = {(bs, )}, and

[T] = {(b17t)7 (b27t)7 (b?n t)}? [H] - {(bla h), (b27 h>’ (b37 h)v (b47 h)}

Clearly, [B4] N [T] = 0. That is no surprise, because in our setup, if the coin has the b,
bias, it cannot land heads. So is it possible that ch((by, k), [T]) # 0? No it is not. The
atom [By] of X, contains no elements in [T], meaning that on [By], the outcome of the
chancy event can never be in [T']. Since this is an impossible event in [By], it has no chance
to occur in [By], and hence the chance of [T'] in [B4] must be 0.

This can of course be told in general: if E € 3¢y and A € Eepaney is such that ENA =
(), then the objective chance ch(-, A) must be 0 on E as there is no way A will occur on E.
This is an additional requirement on objective chance.

3.5 Frequentist’s Objective Chance

In this final example, we consider the frequentist’s model of objective chance, and argue
that it can also be described with two subalgebras, Y.,y and Ycpaney as the other cases.
Consider the situation when the set of possible worlds contains only 8 possible worlds: 3
independent tosses of a fixed coin, each with two possible outcomes, heads and tails. This
set of possible worlds has the following elements:

W = {(h7 h7 h)7 (h7 h’ t)7 (h7 t’ h)’ (t7 h7 h)’ (t7 t’ h)? <t7 h? t)? (h7 t’ t)) (t7 t) t)}
The event that the ¢’th coin toss is heads is

[Hi] = {(y1,y2,y3) € Wlmi((y1, Y2, y3)) = h}

that it is tails is

[T;] = {<y17y27y3) € W|7Ti((y17y2a y3)) = t}
We can take Ycpancy 1= 2V as all events are chancy.

Now, a frequentist would say that the chance of heads, that is, of any of [H;] at time 0
is 1 on the possible world (h, h, k), is 2/3 on (h, h,t), (h,t,h), and (¢, h, h), itis 1/3 on
(t,h,h), (t,t, h), (t,h,t),and 0 on (¢, t,t). Accordingly, since in this model the chance is
determined by the frequencies of 4 and ¢ on the possible worlds, .., has to be set to

Yeny 1= {{(h, h, W)}, {(h, by t), (Rt ), (& s h) Y A(E 8, ), (8 By t), (Rot, ) ), {(E, 8, 8) 1

and cho((h, h,h),[H])) = 1, cho(w,[H;]) = 2/3 if w € {(h,h,t),(h,t,h),(t,h h)},
cho(w, [H;]) = 1/3ifw € {(t,t, h), (t, h,t), (h,t,t)}, cho((t,t,t),[H;]) = 0. And clearly,
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cho(w, [T;]) = 1—cho(w, [H;]). Now, as we set Xepaney = 2", we have to define cho(w, S)
for any subset of . What is for example, chy(w, [H1] N [H2])? The first idea would be
cho(w, [Hy) N[Hs]) = cho(w, [H1]) - cho(w, [Ha]) as the tosses are independent. However,
we immediately realize, that as in this model, we assumed that the coin is tossed only 3
times, the tosses are not independent any more once we fix the chance.® For example, if
the chance of heads is assumed to be 2/3, and the first two tosses were both heads, then
we know the third must be tails. The objection could be that before the third toss, we do
not know that there will be no more tosses. However, that means that our model of the
world is wrong, we have to allow possible worlds with any long sequences of tosses, and in
that case, the longer the sequence is, the closer the chance will get to result independence
between the 2nd and the 3rd coin toss. But given the frequentist view, they will only be
perfectly independent if we assume infinitely long sequences.

So what is cho(w, [H1] N [H3])? Clearly, it is cho(w, [H1] N [Ha]) = cho(w, [Ha]|[H4]) -
cho(w, [Hq]). But what is chy(w, [Hs]|[H;])? This can again be obtained by the frequentist
view. For example, if w € {(h, h,t), (h,t,h),(t,h, h)}, then given that the result of the
first toss is h, the rest of the tosses are either At or th, and hence chy(w, [Hs]|[H:]) = 1/2.
then for this w, cho(w, [H1] N [H3]) = 1/3, and not 4/9. Similarly, cho(w, [H1] N [Ha] N
[H3]) = 0, and so on.

It is easy to see that this frequentist objective chance does not correspond to any >,
either, because chance depends on the whole history, but X..,, is smaller than the full

4 The Subjectivist Agent’s Model of Objective Chance

According to the forgoing, I propose the following definition of a model of possible worlds
with objective chance:

Definition 4.1 (Possible World Model with Objective Chance) (W, %, Xeyy, Echancy, ¢h) is
a possible world model with objective chance if

W is a set (of possible worlds)

Y. is a o-algebra on W

Yenv IS a o-subalebra of 2.

® Ylchancy IS a o-subalebra of ¥

o ch: W X Bchaney — [0, 1] such that

- Forallw € W, A — ch(w, A) is a probability measure on Scnancy

— Forall A € Xehancy, W — ch(w, A) is a Yeny-measurable function on W

— If for some E € Yepy and A € Ycnaney, E N A = (), then ch(w, A) = 0 for all
w e FE.

*Hence we strongly disagree with the treatments of some other authors such as Pettigrew (1986) on page 6.

15



Of course, if for each time ¢t we have some >..,, and some c#, then we can index them with
time, but time is not essential for the definition of objective chance.

This definition works for infinite 11" as well. A sigma algebra X is closed under count-
ably infinite union and complementation, and contains V.

Again, as in Section 3.1.4, for each w, the chance of any event in Xp, U Xcpancy Can be
defined with respect to Xeny. Given (W, 3, Xeny, Xchaney, ch), for each w € W, there is a
unique extension of ch(w, -) t0 Xeny U Xehancy such that for the extended chance, which we
shall denote by ch also satisfies the above requirements, and (W, 2, Yeny, Leny U Schancys c_h)
is a possible world model with objective chance: For all w € W, E € X, set

— lifweE
ch(w, E) ‘:{ Oifwd E

Because of the last requirement in the definition of a possible world model with objective
chance, there is no other way to define chon ey Ifw Z E € Yoy, thenitisin B+ € Yoy,
and since £+ N E = (), by the last requirement ch(w, E) = 0 for all w € E* as long as ch
is an objective chance function. Then for any A € Ychancy, 2 € Yeny, and w € F,

ch(w, EN A) = ch(w, E) - ch(w, A|E)

must hold if ch(w, -) is to be a probability distribution. As w € E, ch(w, E) = 1, and
ch(w, A|E) = ch(w, A). But as ch is an extension of ch, ch(w, A) = ch(w, A). Further-
more, when w & E, ch(w, E N A) = 0. Hence I have shown that there is only one way of
defining ch, namely with the formula

ch(w, EN A) = ch(w, E) - ch(w, A)

As all elements in ey U Xepancy can be written as the union of sets of the form £ N A
as above (the event algebra X is generated by Y,y and Ychancy), this defines a unique
probability measure S — E(w, S) on Xeny U Echancy-

The above rigorous definition of objective chance opens the possibility of investigating
the Principal Principle and admissible evidence in a mathematically precise way, which I
shall do elsewhere.

Acknowledgements

I would like to thank to the organizers of the Budapest-Krakow Workshop on Probability,
Causality and Determinism for granting me the opportunity to present my ideas about
objective chance and the Principal Principle. I would also like to thank Leszek Wronski,
Miklés Rédei, Zalan Gyenis, and Baldzs Gyenis for the inspiring discussions and their
insightful comments.

16



References

G. Bana, “On the formal consistency of the principal principle,” Philosophy of Science 83
(5): 988-1001. University of Chicago Press, 2016.

D. Lewis, “A subjectivist’s guide to objective chance,” in Studies in Inductive Logic and
Probability volume II, edited by R.C. Jeffrey, 263-293. University of California Press,
Berkely, 1980.

D. Lewis, “Humean Supervenience Debugged,” Mind 103(412): 473-490. Oxford Uni-
versity Press, 1994

R. Pettigrew, “What Chance-Credence Norms Should Not Be,” Noiis 73(3): 177-196.
Wiley, 2013.

M. Rédei and Z. Gyenis, “Measure theoretic analysis of consistency of the principal
principle,” Philosophy of Science 83(5): 972-987. University of Chicago Press, 2016.

17



